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Optimal Steering for North–South Stationkeeping
of Geostationary Spacecraft

Jean Albert Kechichian¤

The Aerospace Corporation, El Segundo, California 90245

The problem of north–south stationkeeping of geostationary spacecraft using electric thrusters is analyzed.
Pure yawing with short-duration low-thrust arcs applied infrequently is assumed, and the dynamics are cast in
continuous form to obtain an analytic steering law in the inclination-node (i; X ) space that brings the spacecraft
back to the ideal initialorbit orientationforthe initiationofa free-drift period that satis� es the inclinationconstraint
for the longest possible duration. This problem is posed as a minimum-time navigationproblem between two i; X
pairs and is similar to the Zermelo problem of navigating a ship in strong variable currents. The simple linear
steering law thus obtained is easy to use and fuel optimal compared to other suboptimal strategies for travel
between two given (i; X ) pairs.

I. Introduction

C ONTROL strategiesfor the north–south stationkeepingof geo-
stationaryspacecraftwith chemicalpropulsionhavebeen thor-

oughly documented in the literature.1¡7 There exists an ideal drift
in the inclination-rightascensionof the ascendingnode (i, \ ) space
that results in the satisfactionof the inclinationdeadband constraint
for the longest possible duration. This inclination deadband is de-
� ned by 0 · i · imax , with imax the maximum allowable inclination.
Once the deadband is consumed, an impulsive maneuver will target
to certainoptimizedinitialconditionsin i and \ to continuethe satis-
factionof the deadbandconstraint.Considerablefuel can be saved if
the low Isp chemical rockets are replacedby high Isp electricengines
to effect the same stationkeepingmaneuvers, thereby extending the
operationallife of these satellites.However, thesemaneuverscannot
be carried out in an essentially instantaneous manner, but must be
implemented in small incremental steps spanning several weeks or
more, depending on the level of the thrust acceleration and the fre-
quencyof the incrementalmaneuvering.The inherent long duration
of these low-thrust maneuvers must be factored in the design of the
maneuver strategy inasmuch as it must account for the natural drift
that takes place before the completion of the maneuver sequence.
This paper adopts, as an example for illustrationpurposes, the ideal
drift cycle in i , \ as the fundamental cycle to repeat, and casts
the dynamics of this problem in a continuous fashion to convert it
into a navigation problem of minimum-time travel between given
i, \ pairs, not unlike the well-known Zermelo problem in optimal
control theory. The control is now a steering angle that de� nes the
direction of the change in the i, \ region to be effected by the small
incremental D V at that particular moment in the overall sequence.
It is assumed that these small D V are large enough to overcome
the natural drift in the opposite direction such that the ideal initial
conditions are recovered in time. We begin in Sec. II with the de-
scription of the idealized (i, \ ) drift dynamics due to Kamel and
Tibbitts,7 which will be used in the design of the optimal steering
strategy shown in the subsequent sections.

Section III shows how the relevant linearizedvariation of param-
eters equations are used to calculate the changes in the orbit plane
orientationdue to small thrust arcs. In Sec. IV, a suboptimalstrategy
that does not factor the natural drift in i and \ between successive
thrust arcs is depicted. This strategy consists of applying the thrust
arc at the current common line of nodes of the current orbit and the
� nal target orbit. The more ef� cient strategy of Sec. V creates new
intermediate target orbits and applies the thrust arc at the common
line of nodes of the current orbit and the intermediate target orbit,
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thereby factoring the natural drift in i, \ between maneuvers in the
transfer design.

II. General Analysis of North–South Drift:
Impulsive Maneuvering

The equationsofmotiongoverningtheevolutionof the inclination
i and ascendingnode \ of a satellite orbit in near-circularcondition
are given by7
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Here si is sin i and ci is cos i ; these equations are valid for any
valueof the semimajor axis a and inclinationi but restrictedto small
eccentricitye. Here n is the orbit mean motion and R the perturbing
function due to Earth’s triaxiality, the moon, and the sun:

R D 1
4
l n2

ma2 1 ¡ 3
2
s2

i 1 ¡ 3
2
s2

im
C 3

4
s2i s2im c\ ¡ \ m

C 3
4
s2

i s2
im

c2( \ ¡ \ m ) C 1
4
n2

s a
2 1 ¡ 3

2
s2

i 1 ¡ 3
2
s2

is

C 3
4
s2i s2is c\ C 3

4
s2

i s2
is

c2 \ C 3
2
n2 J2 R2

e
1
3

¡ 1
2
s2

i (3)

where l D 1/ 82.3, the ratio of themassof themoon to thecombined
masses of the Earth and the moon; nm D 0.23 rad/day, the moon’s
orbit mean motion; ns D 0.017203 rad/day, the sun’s apparentorbit
mean motion; im the moon’s orbit equatorial inclination;is the sun’s
apparent orbit equatorial inclination; \ m the right ascension of the
ascendingnodeof themoon’s orbitwith respectto the Earth equator;
J2 the secondzonalharmonicof theEarth potential;and Re the mean
equatorial Earth radius. Now the moon’s inclination with respect
to the ecliptic iM stays constant at 5.145 deg, but its ascending
node \ M in degrees varies as a linear function of time according
to \ M D 259.183 ¡ 0.05295 t with t time in Julian days measured
from Jan. 1, 1900, 12 h. The regression rate of 0.05295 deg/day is
such that it takes 18.6 years for \ M to regress by 360 deg. This
regression of the node is due to the solar gravity perturbation on
the moon’s orbit. The effect of this ecliptic nodal regression is to
induce a variationof both the equatorialim and \ m of the lunar orbit
such that is ¡ iM · im · is C iM or 18.3 · im · 28.59 deg and
¡13.0 · \ m · 13.0 deg. This can be shown from simple spherical
trigonometry, such as that from Fig. 1, and from the law of cosines
and the law of sines, respectively,

cim D ci M cis ¡ sis siM c\ M (4)

s\ m D
siM s\ M

sim

(5)
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Fig. 1 Sun and moon orbit geometry.

Both iM and is are � xed, but \ M varies according to the linear
law mentioned such that im varies according to Eq. (4) and, � nally,
\ M varies according to Eq. (5). The moon’s orbit inclination with
respect to the equator and its equatorial ascending node vary with
the same period as \ M (18.6 years). If the variables i and \ are
changed to h1 D si s \ and h2 D si c \ , then Eqs. (1) and (2), which
are singular at i D 0, will be transformed to the set
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We can now use these expressions in Eqs. (1) and (2) with Ph1 D
ci s \

Pi C si c\
P\ to obtain Eq. (6), and, similarly, with Ph2 D ci c \

Pi ¡
si s \

P\ to obtain Eq. (7).
For near-equatorialorbits or small i, ci

»D 1 such that the system
in Eqs. (6) and (7) can now be cast in the canonical form by way
of a quadratic Hamiltonian H in the nonsingular variables h1 and

h2 , after a change of variable from time t to \ M (Ref. 7). Kamel
and Tibbitts7 have shown that the differentialequations in h1 and h2

reduce to a linear system with constant coef� cients and, therefore,
can be solved in closed form. This simpli� cation amounts to the
effective averaging out of the slowly varying � uctuations in h1 and
h2 with a period of 18.6 years. The equilibrium solution is obtained
from dh1/ d \ M D 0 and dh2/ d\ M D 0 or, using the subscript e
for equilibrium, by \ e D 0, ie D sin¡1(h2e). This corresponds to
an inertially � xed orbit plane, also called the invariant plane, with
its line of nodes along the intersection of the ecliptic and equato-
rial planes. The inclination ie is a function of the semimajor axis
and for the synchronous altitude a/ Re D 6.61072, ie D 7.5 deg
(Ref. 7). If our inclination tolerance is larger than 7.5 deg, then the
optimal strategy consists of placing the satellite in an orbit inclined
at exactly 7.5 deg such that it will never requireany north–south sta-
tionkeepingmaneuver. These maneuvers, however, are necessary if
the inclination constraint is less than 7.5 deg. In this case, optimal
maneuvering strategies must be devised such that, for example, the
constraintis satis� ed for the longest time possiblebetween two such
maneuvers.Now the motionof the unitizedangularmomentum vec-
tor with components h1 and h2 , or in other words, the motion of the
orbit plane itself described by the Eulerian angles \ and i , consists
of a small oscillation about the equilibrium solution whose period
is also a function of the orbit semimajor axis.7 For the synchronous
altitude, it is roughly equal to 54 years. Kamel and Tibbitts7 have
shown that the two � rst-order differential equations can be reduced
to the harmonic oscillator type

d2h1

d \ 2
M

C x 2h1 D 0 (10)

with period P D 2p / x . The generalsolutionof themotion is written
in terms of equations that describe an anticlockwise ellipse with
center at (0, h2e) in the (h1, h2) domain, with semiminor axis along
h1 and semimajor axis along the h2 axis. This ellipse represents
the precession cycle of the orbital angular momentum about its
equilibrium position with a period of roughly 54 years (Ref. 7).
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Fig. 2 Optimal drift within inclination constraint circle.1

Fig. 3 Wedge angle at relative ascending node.

To the zeroth order, this ellipse is essentially approximated by a
circle centered at (0, h2e). The polar coordinates (si , \ ) are used
to represent a point (h1 , h2) on the precession circle, and if the
inclinationmust remain below a given maximum i · imax , then this
inclinationconstraintcan be representedby the interior of the circle
centered at the origin with radius simax (Fig. 2). The precession time
taken from an initial point (h10 , h20) at t D t0 to a point (h1 , h2) at
time t is proportional to the subtended angle h , as shown in Fig. 2.
Then the linear relationship between h and T D (t ¡ t0) is simply
given by T D h P/ (2 p ).

The inclination constraint cannot be satis� ed forever, but if the
initial values of ( \ 0, i0) are chosen in an optimal way, then the
time betweenmaneuverscanbemaximized.Fuel-minimizingstrate-
gies can also be devised if higher maneuvering frequencies are

tolerated.The former strategy is achievedby choosing i0 D imax and
\ 0 D 3p / 2 C h max/ 2, with h max D 2 sin¡1(si0 / h2e) and with the to-
tal elapsedtime between t0 and t0 C T givenby Tmax D h max P / (2 p ).
The arc between t0 and t0 C Tmax (Fig. 2) remains for the longest
possible time inside the inclination constraint circle, and at time
t0 C Tmax, an impulsive maneuver must recover the initial node
\ 0 without changing the inclination, which is now the same as i0.
Figure 3 shows the relativegeometryof initial and � nal orbits at ma-
neuver time with nodes \ 1 (premaneuver) and \ 2 (postmaneuver),
respectively, and identical i1 D i2 D imax . The postmaneuver node
\ 2 is, of course, equal to the target value of \ 0 . The post-D V orbit
will then correspond to the initial orbit that starts the precessioncy-
cle until imax is about to be violatedagain. The inclinationdecreases
from imax to a minimum without going through zero, for one-half of
the precession time Tmax , and then it increases to imax at the end of
the cycle with its node at \ 1. The angle i¤ is called the wedge angle,
and it represents the inclination of one orbit relative to the other.
An impulsive D V applied at the intersectionof these two orbits ro-
tating the orbit by i¤ will, therefore, achieve the condition \ 2 , imax

that starts the precession cycle. From spherical trigonometry, the
wedge angle i¤ is computed from cPi¤ D c \ 1 ¡ \ 2 si1 si2 C ci1 ci2 , and
with i1 D i2 D imax , cPi¤ D c\ 1 ¡ \ 2 s2

imax
C c2

imax
. The D V is obtained

from D V D 2V sin(i¤/ 2).

III. Mechanics of Low-Thrust Maneuvering
The mechanicsof low-thrustinclinationcontrolfor thecasewhere

the orbit is near-circular is analyzed next. The out-of-plane motion
is described by the following two equations linearized about a ref-
erence circular orbit:

dD ix

dt
D

a2
0

l e
ch 0 fh

dD iy

dt
D

a2
0

l e
sh 0 fh

where D ix and D iy are the components of the change in the incli-
nation D i along the inertial Ox and Oy directions. The Ox , Oy plane is
the plane of the initial reference circular orbit of semimajor axis
a0 and mean motion n. The angular position of the spacecraft at
time t measured from the Ox axis is given by the angle h 0 and the
rates are with respect to the nondimensional time t D nt . Here l e

is the gravity constant of the Earth. The instantaneousacceleration
vector f has components fr , f h , and fh in the rotating Euler–Hill
frame, and the thrust vector T is completely de� ned by the yaw
and pitch angles h h and h t . D i D D ix Ox C D i y Oy with D ix D D ic h 0 ,
D iy D D i sh 0 , and D i obtained from the variation of parameters
equation di / dt D (r fh / h)c h where h is now the angular posi-
tion measured from the ascending node. When the spacecraft is
initially on the reference circular orbit, we have h D 0, r D a0, and
h D na2

0 such that for a small impulse D V applied along the direc-
tion ¯ D ( b r , b h , b h ) we have D i D (D V / na0) b h because D t fh D
D V b h . Therefore, D ix D (D V / na0) b hc h 0 , D iy D (D V / na0) b hs h 0 ,
and D i D (D i / na0) b h Or . The nondimensional rates in terms of fh ,
dD ix / d t , and dD iy / d t are now readily obtained. For near-circular
orbits, h 0 »D nt D t and c h 0 »D c t , sh 0 »D s t and with T and m
standing for the thrust magnitude and spacecraftmass, respectively,
the linearized equations reduce to the form

dD ix

d t
D

k

a0n2
ct s h h

(11)

dD iy

d t
D

k

a0n2
st s h h

(12)

where k D T / m. Now if only pure yawing is used, i.e., h h D § p / 2,
then with g D k/ (a0n2) and after a full revolution of continuous
thrust with h h D p / 2 for one-half revolution and h h D ¡ p / 2 for
the other half, the maximum rotation of the initial orbit plane will
be given by

D imax D 4g (13)

Because k D T / m D 2P / (mc) with c D Isp ¢ gr and with P
thrust power, c exhaust velocity, Isp speci� c impulse, and gr accel-
eration of gravity, the expression (13) can be reduced to D imax D
8P / m Ispgr a0n2, and it is given in radians, when P is in watts, m
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in kilograms, Isp in seconds, gr in meters per square second, a0 in
meters, and n in radians per second. The power of the jet is the
time rate of expenditure of the kinetic energy of the ejected matter
Ejet D 1

2
D mc2 such that P D PE jet D 1

2
Pmc2 D 1

2
T c. The power

transmitted to the vehicle is Pveh D T V , where V is the vehicle
velocity. Let a0 D 42,241 km with corresponding mean motion
n D ( l e / a3

0 )1/ 2 D 7.272205 £ 10¡5 rad/s or 360 deg/day for the
two-body geostationary orbit. This value of a0 is chosen for illus-
trative purposes inasmuch as Earth’s inertial rate is actually equal
to 360.985 deg/day instead of 360 deg/day used here. Let us sup-
pose that m D 1134 kg, and a resistojet with Isp D 295 s and jet
power of 1 kW such that the vehicle is imparted an acceleration
k D f D T / m D 2P/ (mc) D 6.096119 £ 10¡4 m/ s2. A contin-
uous application of this acceleration during one revolution or 24 h
will result in a D V D f ¢ t D 52.670 m/s with an equivalentD imax

given by D imax D 0.62544 deg. If we now consider a 1-h thrust arc
spread around the line of nodes of current and target orbits, then the
angular travel will be 360/ 24 D 15 deg at geosynchronous Earth
orbit (GEO). The relative rotation of the orbit plane corresponding
to this burn will be obtained from

D ix D
k

a0n2

7.5

¡7.5

ct d t D 7.1240179 £ 10¡4 rad

and

D i y D
k

a0n2

7.5

¡7.5

st d t D 0

such that D i D (D i 2
x C D i 2

y )1/ 2 D 0.040817deg. For an inclina-
tion deadband of 0.3 deg, and letting i0 D 0.3 deg, h2e D s7.5 D
0.130526, we have h max D 4.5979 deg, \ 0 D 272.298 deg,
Tmax D 251.912 days with period P D 54 years. The change in \
or D \ D \ init ¡ \ � nal is obtained from D \ D ¡2(90 ¡ 2.298) D
¡2 \ 1 D ¡175.404 deg, which is the same as D \ D \ 1 ¡ \ 2.
Now the wedge angle is calculated with i1 D i2 D 0.3 deg and
\ 1 ¡ \ 2 D ¡175.404 deg such that i¤ D 0.5995 deg. Because 1 h
of pure out-of-planethrusting rotates the orbit by 0.0408 deg, it will
take 0.5995 deg/0.0408deg/h D 14.693 h of total thrust of 1 h each
at the line of nodes of current and � nal orbits. We can thrust either
1 h per revolution at, say, the ascending common node or 2 h per
revolution with 1 h each at the ascending and descending common
nodes, respectively.The total inclination change can, therefore, be
achieved in 14.693 revolutionsor days or 7.346 revolutionsor days.
This requires a total D V of 32.246 m/s.

The impulsive D V can be computed from D V / V D
2imaxjsin(D \ / 2)j D 0.0104635,with imax D 0.3 deg, such that with
V D ( l e / a0)1/ 2, D V D 32.142 m/s, which is only slightly smaller
than the 32.246 m/s for the low-thrust solution. This shows that the
1-h thrustarcs at GEO areeffectivelyas ef� cient as the impulsiveso-
lutionwith almost no D V loss.However, the continuous24-h accel-
eration that rotates the orbit by 0.62544deg requiring 52.670 m/s of
totalD V can be achievedmuchmore ef� cientlyby applyinga single
impulse requiring a D V of D V D 2V sin( d / 2), with d D 0.62544
deg and V D ( l e/ a0)1/ 2 D 3.071902 km/s such that D V D 33.532
m/s for a savingsof 19.138 m/s. This shows that it is not economical
to thrust continuouslyfor a complete revolution to effect an inclina-
tion change. Now the impulsive D V to effect the 0.5995-deg incli-
nation change, which is the wedge angle i¤, can also be computed
from D V D 2V sin(i¤/ 2) D 32.142 m/ s. If we let imax D 0.1 deg
for a tighter tolerance,then h max D 1.532304deg, \ 0 D 270.766152
deg, Tmax D 83.89 days, and D \ D ¡178.467695 deg requiring
an impulse of D V D 10.731 m/s. The wedge angle (Fig. 3) is now
i¤ D 0.199982 deg. Because the 1-h low-thrust accelerations pro-
duce a relative rotationof the orbit plane of 0.040817deg, requiring
a quasiimpulsiveD V D 2.187 m/s, the total D V of 10.731 m/s for
this tighter deadband can be achieved in less than � ve acceleration
cycles requiring three to � ve revolutions at GEO to achieve. This
time frame is still negligible when compared to the drift period of
83 days and, therefore, these low-thrust maneuvers can be accom-
plished quickly without worrying too much about the drift during
the maneuvering period. This will not be the case for lower thrust
accelerations.In this case, the orbit rotation to repeat the drift cycle

will require a much longer period of time and, therefore, appropri-
ate strategies must be designed to account for the drift accumulated
during the longer maneuvering period such that the optimal initial
conditions are achieved at the end of the maneuver sequence.

IV. Suboptimal Strategy
Given the initial (i1 , \ 1) and � nal (i2, \ 2) orbits, an inclination

change throughan angle i 0 at their common line of nodes is required.
Because of the lower acceleration level of the low-thrust maneuver,
a smaller rotation i 00 is achieved instead around point B (Fig. 4). The
inclinationi j and node \ j can be obtainedfrom sphericaltrigonom-
etry. If we wait in this orbit for some given duration, then i j and \ j

will drift to new values at the time of the next thrusting cycle, such
that the thrust must now be applied around the new common line of
nodes of the presentorbit and the target orbit.This suboptimalstrat-
egy does not factor the drift in the maneuver design and, therefore,
is less ef� cient in recoveringthe target conditions.From the triangle
ABC and the law of sines and cosines, and with D \ D \ 2 ¡ \ 1 ,

sAB D
si2 sD \

si 0
(14)

cAB D
¡ci2 C ci1 ci 0

si1 si 0
(15)

From the triangle ABD, we have

¡ci j D ¡ci1 ci 00 C si1 si 00 cAB

and using Eq. (15),

ci j D ci1 ci 00 ¡ (si 00 / si 0 ) ci1 ci 0 ¡ ci2 (16)

This equationdetermines i j without ambiguitybecause0 · i j · p .
In a similar manner, we have

sD \ j D
si 00 sAB

si j

(17)

ci 00 D ci1 ci j C si1 si j cD \ j (18)

Using Eqs. (14) and (17), an expression for D \ j D \ j ¡ \ 1 is
obtained:

tanD \ j D
si1 si 00 sAB

ci 00 ¡ ci1 ci j

or substituting in Eq. (14) yields

tanD \ j D
si1 si 00 si2 sD \

si 0 ci 00 ¡ ci1 ci j

(19)

with ci j given by Eq. (16). Therefore, we can solve for the angles i j

and \ j and apply anothersmall low-thrustmaneuverat the new line
of nodes of this orbit with the unchanged target orbit by replacing
\ 1 by \ j and i1 by i j and repeating the same calculationsuntil \ 2,
i2 is � nally reached.For our earlier imax D 0.1 deg example,we have
i1 D i2 D 0.1 deg, i 0 D 0.199982 deg, d i D i 00 D 0.040817 deg,
i j D 0.059189 deg, \ 2 D 270.766152 deg, \ 1 D 90¡ 0.766152 D
89.233848 deg, D \ D ¡2(90 ¡ 0.766152) D ¡178.467695 deg
or, identically, D \ D \ 2 ¡ \ 1 D 181.532304 deg, and \ j D
\ 1CD \ j D 88.705515deg. Also, h1 D si j s \ j D 1.032783£10¡3,
h2 D si j c \ j D 2.333766 £ 10¡5, and h1(0) D si1 s \ 1 D
1.745172 £ 10¡3 , h2(0) D si1 c\ 1 D 2.333761 £ 10¡5, such that
D heq D f[h1 ¡ h1(0)]2 C [h2 ¡ h2(0)]2g1/ 2 D 7.123891 £ 10¡4

represents the change achieved in the h1, h2 plane by the 1-h out-
of-plane low-thrust maneuver. Similar D heq variations will slowly
result in achieving the target parameters i2, \ 2 for the initiation
of the natural drift cycle. In this strategy we can ignore the small
drift that takes place between the application of two such subse-
quent maneuvers because i j and \ j will then drift and, therefore,
be updated by orbit determination or analytically, before the next
maneuver. Figure 5 shows the angular momentum vector h and its
change ±h due to the low-thrust maneuver, such that h C ±h is now
the postmaneuver angular momentum vector. Because the thrust is
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Fig. 4 Orbit plane rotation at relative node.

Fig. 5 Capability ellipse due to small thrust arc.
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appliednormal to the orbit plane, the lengthof h remains unchanged
while its direction is changed.Therefore, a thrust arc of durationD t
will place h along the circular edge of the spherical shell shown in
Fig. 5, for all possiblelocationsof this thrust arc along the spacecraft
orbit. The projection of h onto the equatorial plane, which de� nes
the Oh1 and Oh2 axes, is hsi inclined at an angle \ from the Oh2 axis or
the ¡ Oy inertial axis, and the projection of the spherical shell is, in
general, an ellipse centered at the tip of the hsi vector. The angular
momentumvectorcanbewrittenash D hsi s \ Ox¡hsi c \ OyChci Oz, and
for a small d i rotation,h C±h D hsi C d i s\ Ox ¡ hsi C d i c\ Oy Chci C d i Oz,
which leads after expansion to ±h D hci s\ d i Ox ¡ hci c \ d i Oy ¡ hsi d i Oz
with magnitude j±hj D h d i . The magnitude of the projection of ±h
onto the equatorial plane is given by

j±heq j D h2c2
i d i 2

1
2 D hci d i (20)

Similarly, for a small d \ change, the projection of ±h onto the h1,
h2 plane has magnitude

j±heq j D hsi d \ (21)

and for the more general case of a simultaneous d i and d \ change,
(h C ±h)eq D hsi C d i s \ C d \ Ox ¡ hsi C d i c\ C d \ Oy, leading to

j±heq j D h c2
i d i 2 C s2

i d \ 2
1
2 (22)

Now from h1 D si s \ and h2 D si c \ , we have

d h1 D ci s\ d i C si c\ d \ d h2 D ci c \ d i ¡ si s\ d \

and, therefore,

d heq D d h2
1 C d h2

2

1
2 d heq D c2

i d i 2 C s2
i d \ 2

1
2 (23)

Equation (23) shows that ±heq has a component hci d i along hsi

for constant \ and a component hsi d \ along the orthogonal di-
rection for constant d i . The magnitude h is taken equal to one for
convenience because it is invariant for out-of-plane thrusting. This
orthogonaldirection is, of course, the direction along the tangent to
the inclination constraint circle of radius si . For small inclinations,
h is essentially along the pole or the inertial Oz direction, and the
projection of the circular edge of the spherical shell is essentially a
circle. When i approaches 90 deg, this projectionbecomes an elon-
gated ellipse and in the limit a straight line, as si tends to unity.
However, the same d i rotation will be achieved regardless of the
value of i because the size of ±i or ±h is independent of i , but its
projection in the h1, h2 plane is d ici , which tends to zero reducing
the semiminoraxis of the projectedellipse to zero, too.For example,
d i D i1 ¡ i j D 0.0408107 deg and d \ D ¡0.528332 deg corre-
spond to d heq D 7.124629 £ 10¡4 from Eq. (20), which is close to
D heq D 7.123891 £ 10¡4 obtained earlier. These two numbers are
also comparable to the relative inclination change D i D 0.040817
deg obtained earlier. In fact, D i is essentially equal to D heq , and
the small differencewith d heq is due to the truncationof the higher-
order terms in computing d h1 and d h2 and, therefore, of d heq . It is,
perhaps, better to computeD heq for a more precise evaluationof the
change in the distance between two (h1 , h2) pairs or equivalently
two (i, \ ) pairs.

V. Optimal i, X Steering
This section develops an optimal maneuvering strategy that fac-

tors the natural drift of the spacecraft orbit between two successive
thrusting cycles. Instead of targeting to the � nal conditions (i2, \ 2)
as in the preceding section, intermediate target parameters for each
thrusting cycle are generated resulting in the overall minimum ac-
cumulated thrust arcs. For the same wait period between two thrust
arcs as in the suboptimal strategy, this solutionwill, indeed, provide
the minimum-time transfer, which is also fuel-minimizing for this
particular transfer with imposed target parameters.

Let us now represent this d heq by a velocity V , called the ma-
neuvering velocity, as in Fig. 6. The natural drift, being in an an-
ticlockwise direction, is represented by concentric circles centered

at the equilibrium point (0, h2e) with linear velocity W , called the
precession velocity, and whose components along the h1, h2 axes
are given by u and v, respectively. The problem is to return from
any given (h1, h2) pair to any desired (h1, h2) target, and for our
example at hand, to the ideal i0 , \ 0 initial conditions, in minimum
time such that a period of free drift takes place without any maneu-
vering required. This problem is now cast as a navigation problem
that consists of � nding the steering angle v time history that leads
to reaching the i0, \ 0 point in minimum time thereby using the
minimum amount of fuel. This problem is identical to the Zermelo
problem of navigating a ship in strong currents.8 Given the ship’s
constant velocity V and heading angle v , and given the current’s u
and v velocity components along general rectangular coordinates x
and y, which in our case are the h1 and h2 coordinates, we have,
from Ref. 8,

Px D V c v C u (24)

Py D V sv C v (25)

with Hamiltonian

H D 1 C k x (V c v C u) C k y(V sv C v) (26)

for a minimum-time solution. The Euler–Lagrange and optimality
conditions can be written as

Pk x D
¡ ¶ H

¶ x
D ¡ k x

¶ u

¶ x
¡ k y

¶ v

¶ x
(27)

Pk y D
¡ ¶ H

¶ y
D ¡ k x

¶ u

¶ y
¡ k y

¶ v

¶ y
(28)

¶ H

¶ v
D 0 D V (¡ k x sv C k yc v ) (29)

Equation (29) yields the optimal steering angle v with tan v D
k y / k x , andbecausewe areminimizingtransit time, the transversality
condition is given by H f D 0. The system is autonomousso that H
is constant and, therefore, equal to zero throughout. If we replace
k y D k x tan v in H D 0 of Eq. (26), then

k x D
¡cv

V C uc v C vs v

(30)

k y D
¡sv

V C uc v C vs v

(31)

Replacing these two adjoints in Eq. (27) with

Pk x D
sv (V C uc v C vsv ) Pv C c v (vcv ¡ usv ) Pv

(V C uc v C vsv )2

results in

(V s v C v) Pv D (V C uc v C vs v ) c v

¶ u

¶ x
C s v

¶ v

¶ x
(32)

and, similarly from Eq. (28),

¡(V c v C u) Pv D (V C uc v C vsv ) c v

¶ u

¶ y
C sv

¶ v

¶ y
(33)

If we multiply Eq. (32) by sv and Eq. (33) by ¡c v and add, we get

Pv D sv c v

¶ u

¶ x
¡

¶ v

¶ y
C s2

v

¶ v

¶ x
¡ c2

v

¶ u

¶ y
(34)

The simultaneous integration of Eqs. (24), (25), and (34) will yield
the desiredoptimal trajectory.If u and v are not constant, Pv 6D 0 and,
therefore, v 6D const indicating a variable-heading strategy. From
Fig. 6, we have u D Wce D x r c e and v D Wse D x rse and x D Pe ,
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Fig. 6 Low-thrust steering geometry.

the constant angular velocity of r or the precession rate. Because
r se D h1 and rce D h2e ¡ h2, we have

u D x (h2e ¡ h2) (35)

v D x h1 (36)

The dynamic equations can now be written as

Ph1 D V c v C x (h2e ¡ h2) (37)

Ph2 D V sv C x h1 (38)

with constant zero Hamiltonian

H D 1 C k h1 [V c v C x (h2e ¡ h2)] C k h2 (V s v C x h1) D 0 (39)

The Euler–Lagrange equations for the adjoints, as well as the opti-
mality condition, are given by

Pk h1 D ¡ k h2 x (40)

Pk h2 D k h1 x (41)

¶ H

¶ v
D 0 D V ¡ k h1 sv C k h2 cv (42)

As before, tan v D k h2 / k h1 , and because ¶ u/ ¶ h1 D 0, ¶ v/ ¶ h2 D
0, ¶ v/ ¶ h1 D x , and ¶ u/ ¶ h2 D ¡ x , Eq. (34) yields Pv D x D const

such that the optimal steering law is now the simple linear law

v D x t C v 0 (43)

From Eqs. (40) and (41), we have Rk h2 D Pk h1 x D ¡ k h2 x
2 and, there-

fore, k h2 is governed by Rk h2 C k h2 x
2 D 0, which is the equation

of a linear oscillator with solution k h2 D K1 sin( x t C K2), which
also results from k h1 D Pk h2 / x , k h1 D K1 cos( x t C K2). Replac-
ing in tan v D k h2 / k h1 , we have v D x t C K2. Therefore, K2 is
also the value of the control angle v at time zero, v 0. Let us now
use the dimensionless variable t 0 D x t and convert Eqs. (37) and
(38) to

dh1

d t 0
D

V

x
cos( t 0 C v 0) C (h2e ¡ h2) (44)

dh2

dt 0 D
V

x
sin( t 0 C v 0) C h1 (45)

where the derivativesare now with respect to t 0. From Eqs. (44) and
(45), we have

d2h2

dt 02 D
V

x
cos( t 0 C v 0) C dh1

d t 0 D 2V

x
cos( t 0 C v 0) C (h2e ¡ h2)

and, therefore, the forced oscillator type of equation

d2h2

dt 02
C h2 D h2e C 2V

x
cos( t 0 C v 0) (46)
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whose solution is given by

h2 D C1 sin( t 0 C C2) C
t 0

0

h2e sin( t 0 ¡ s) ds

C 2V

x

t 0

0

cos(s C v 0)sin( t 0 ¡ s) ds

which reduces to

h2 D C1sin( t 0 C C2) C h2e(1 ¡ c t 0)

C (V / x ) t 0sin( t 0 C v 0) ¡ s v 0 st 0 (47)

At t 0 D 0,

h2 D h20 D C1 sin C2 (48)

If we use the solution for h2 in Eq. (44) and solve for h1 in a similar
manner used in solving for h2, we get

h1 D h10 C h2es t 0 C C1 cos( t 0 C C2) ¡ (V / x )s v 0 ct 0

C (V / x ) t 0cos( t 0 C v 0) ¡ C1 cos C2 C (V / x )sv 0
(49)

From Eqs. (45) and (47), we have

dh2

dt 0
D

V

x
sin( t 0 C v 0) C h1 D C1 cos( t 0 C C2) C h2es t 0

C
V

x
sin( t 0 C v 0) C t 0cos( t 0 C v 0) ¡ sv 0 c t 0

and at t 0 D 0,

(V / x )sv 0 C h10 D C1 cosC2 (50)

Equations (48) and (50) yield

tanC2 D
h20

(V / x )s v 0 C h10

(51)

and

C1 D h2
20 C (V / x )sv 0 C h10

2 1
2 (52)

The initial angle v 0 and � nal t 0
f are obtained from the boundary

conditions at the � nal time t 0
f , namely, h1( t 0

f ) D h1 f and h2( t 0
f ) D

h2 f . A few iterations are needed to solve for v 0 and t 0
f by way

of a Newton–Raphson scheme, which in turn completely de� ne
the optimal trajectory h1 D f ( t 0), h2 D f ( t 0) that starts from given
h10, h20 and achieves the � nal desired h1 f , h2 f in minimum
time.

Fig. 7 Optimal low-thrust return trajectory for 0.3-deg inclination deadband.

VI. Results
Let us use D h D 7.123891£ 10¡4, which corresponds to our 1-h

low-thrust acceleration. If this maneuver is applied, e.g., once a
week or D t , then our velocity V D D h/ D t D 1.017 £ 10¡4/ day.
The precession rate x is obtained from x D 2p / (54 £ 365.25) D
3.1856 £ 10¡4 rad/day. For imax D 0.3 deg, we have \ 1 D 87.701
deg, \ 2 D 272.299 deg, h10 D 0.52317 £ 10¡2 , h20 D 0.21003 £
10¡3, h1 f D ¡0.52317 £ 10¡2, and h2 f D 0.21003 £ 10¡3 . The
solutionis foundwith v 0 D 178.414deg, t 0

f D 0.553569£10¡1 cor-
responding to a total time t f D t 0

f / x D 173.77068 days. The free-
drift time Tmax D h max / x with h max/ 2 D tan¡1[h1 f / (h2e ¡ h2 f )] D
¡2.298 deg is Tmax D 251.91244 days. Figure 7 shows both the op-
timal free-drift and low-thrust return trajectories with a combined
cycle time of 425.68312 days. Figure 8 shows the optimal free-
drift and maneuvering trajectoriesfor a 4-deg inclinationdeadband.
Here, \ 1 D 57.695 deg, \ 2 D 302.305 deg, h10 D 0.58959 £
10¡1, h20 D 0.37279 £ 10¡1 , h1 f D ¡0.58959 £ 10¡1, and h2 f D
0.37279 £ 10¡1 . The solution for the linear v steering program is
given by v 0 D 165.585 deg with t 0

f D 0.503157 corresponding
to t f D 1579.45845 days or 4.32432 years. The free-drift time
Tmax D 3539.81281 days or 9.69147 years for a total cycle time of
5119.27126 days. Figure 8 also shows a smaller cycle consisting
of returning to the zero-inclinationtarget or the origin of the h1 , h2

frame. The free-drift portion of this smaller cycle consists of one-
half of the total arc that passes through the origin at midtime. This
is the so called zero-inclination (ZI) strategy, which is not optimal
since the deadband is consumed much faster than is the case with
the optimal drift.7 The total free-drift time for this suboptimal drift
is obtained from T1 D h ZI P / (2 p ) with h ZI D 4 sin¡1[si0 / (2h2e)]
(Ref. 7). The coordinates of the point of intersection with the con-
straint circleh0

10 and h0
20 are obtainedfrom the simultaneoussolution

of the following two equations:

h02
10 C h 02

20 D s2
imax

(53)

(h0
20 ¡ h2e)

2 D h2
2e ¡ h 02

10 (54)

Equation (54) is the equation of the precession circle that passes
through the origin and, therefore, has radius h2e. This leads to

h 0
10 D

simax

2h2e
4h2

2e ¡ s2
imax

1
2 (55)

h0
20 D

s2
imax

2h2e

(56)

We haveh0
10 D 0.67219£10¡1, h0

20 D 0.18639£10¡1, with v 0 D
185.364 deg and t 0

f D 0.353740correspondingto t f D 1110.42294
days. The free-drift time is given by T1/ 2 D 1698.24424 days for
a combined cycle time of 2808.66718 days. This shows that in the
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Fig. 8 Optimal low-thrust return trajectory for 4-deg inclination deadband.

Fig. 9 Geometry of low-thrust maneuver and subsequent drift.

free-drift trip-time-maximizingoptimal-cyclecase the thrust period
is 30.853% of the total cycle time, whereas it is at a much higher
rate of 39.535% for the ZI suboptimal cycle. The optimal cycle
shows similar gains over other suboptimal strategies whose target
coordinates are below the optimal free-drift curve. However, these
gains are important for large deadbandsof the orderof a few degrees
such as in this example. They become vanishingly small for small
tolerances, say of the order of a fraction of a degree. For example,
for our imax D 0.3-deg case, we have for the ZI target strategy
h 0

10 D 0.52349 £ 10¡2 , h 0
20 D 0.10501 £ 10¡3 with v 0 D 180.354

deg and t 0
f D 0.027737correspondingto t f D 87.070701days.The

free-drift time is given by T1/ 2 D 125.93087 days for a combined
cycle time of 213.00157 days. This shows that for the ZI case, the
thrust period is 40.878% of the total cycle time, whereas it is only

slightly better at 40.821% for the free-drift trip-time-maximizing
cycle. If the mission lifetime is very large, so that several such cycles
are required, and if the maximum free-drift time is not desired, then
it is more fuel ef� cient to use smaller size cycles by targeting each
time to a point on the constraint circle lying above the target that
corresponds to the maximum free-drift time.

For our 4-deg case, let h 00
10 D 0.3 £ 10¡1 , h 00

20 D 0.629759 £
10¡1, h

00
1 f D ¡0.3 £ 10¡1 , and h 00

2 f D 0.629759 £ 10¡1 with a
free-drift period of 2623.95476 days and whose trajectory is ly-
ing above the optimal free-drift trajectory of Fig. 8. The low-thrust
return from h 00

10 , h 00
20, to h00

1 f , h 00
2 f is given by v 0 D 173.222 deg and

t 0
f D 0.236569 corresponding to t f D 742.61420 days. The thrust

period for this smaller cycle is now 22.058% of the total cycle time,
as opposed to the 30.853% of the long free-drift maximizing cycle
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Fig. 10 Continuous and discretized optimal return trajectories for 0.3-deg inclination deadband.

of Fig. 8. This represents a relative drop of some 28%, which can
be further improved for smaller cycles near the top of the constraint
circle. In the limit it is most fuel ef� cient to remain at the top of the
constraintcircle and use the appropriatelevel of thrustingto counter
the effect of the precession or, in practice, journeying through in-
� nitesimal cycles. This is because W has the smallest value there,
or in Zermelo’s sense, the current is the weakest. This observation
is also true for the impulsive case, which for our two imax D 4-deg
examples, we need, respectively, D \ ’ 115 deg and D V ’ 362
m/s for the long cycle and D \ ’ 51 deg, D V ’ 184 m/s for the
shorter cycle, or a drop from 1.02 £ 10¡1 m/s/day to 7.01 £ 10¡2

m/s/day with a savings of some 31%.
The fuel-minimizing solution would also consist of journeying

through in� nitesimal cycles near the top of the constraint circle as
for the low-thrust case. If we now assume that the short thrust arcs
are quasi-instantaneous compared to the period of drift between
such thrust arcs, then we can discretize the continuous trajectories
by using the optimal control law v D t 0 C v 0 from the continuous
solution to compute the coordinates of point B given the initial
conditions in point A (Fig. 9). Thus, h1(1) D h1(0) C V c v and
h2(1) D h2(0) C V sv . The jump from A to B is due to the short low-
thrust arc, whereaspointC is reachedD t time later from B by way of
the precessioncirclewhose radius is givenby r D fh2

1(1)C[h2(1)¡
h2e]2g1/ 2 . The angle e is obtained from e D tan¡1fh1(1)/ [h2e ¡
h2(1)]g, and the angular motion D h 00 in time D t obtained from
D h 00 D x ¢ D t . The segment BC has length d D 2r sin(D h 00/ 2)
and, therefore, the coordinates of C are h1(2) D h1(1) C d cos[e C
(D h 00/ 2)] and h2(2) D h2(1) C d sin[e C (D h 00/ 2)]. These steps are
repeated for the next thrust arc and drift period until the � nal time
t 0

f is reached.
Figure 10 shows both the continuous optimal trajectory as well

as the discretized equivalent trajectory with a good match for the
case of the 0.3-deg inclination tolerance. In this case, a � nal trim is
needed to match exactly the � nal conditions h1 f and h2 f , and this
can be accomplished by adjusting the angular position of the � nal
thrust arc along the spacecraft orbit and using a longer thrust arc to
reach the target if necessary.

VII. Conclusions
An optimal steering strategy for the north–south stationkeeping

of geostationary spacecraft using infrequent low-thrust maneuvers
has been devised. The optimal drift cycle in inclination and node
depicted by Kamel and Tibbitts’ zeroth-order analytic solution is

adoptedas an example, as the ideal drift cycle to repeat, once the in-
clination tolerance deadband is violated. The recovery of the ideal
initial conditions or any other desired target conditions, achieved
by a single impulse with chemical thrusters requires a series of
short-duration low-thrust arcs judiciouslypositioned along the cur-
rent spacecraft orbit such that these conditions are reached in mini-
mum time and, therefore, requiring minimum propellant usage for
a given common wait period between successive thrust arcs. This
optimal transfer design takes into account the natural drift of the or-
bit plane orientation parameters during the nonmaneuvering coast
arcs, by creating intermediate target conditions to be achieved by
each thrust arc. This problem has been shown to be an optimal con-
trol problem of the Zermelo type for navigation in the i, \ space.
Further improvements to this analysis are possible by considering
the exact numerical description of the free-drift dynamics, as well
as the considerationof variable-lengththrust arcs within prescribed
bounds, which would be also optimized but still restricted to pure
out-of-plane acceleration.
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